There are concepts that are accepted in our daily life, but are not trivial in physics. One of them is the cluster property that means there exist no relations between two events which are sufficiently separated. In a paper recently published by the author, it has been pointed out that this cluster property violates in the correlation function of the spin operator for the spin 1/2 XXZ antiferromagnet on the square lattice. In this paper, we investigate the spin 1/2 Heisenberg antiferromagnet on the square lattice, which has SU(2) symmetry. In order to study the cluster property, we need to calculate the ground state accurately. For this purpose, we employ the effective model based on the magnetization of the sub-lattices. Then we can define the quasi-degenerate states to calculate the ground state. Including two kinds of interactions which break SU(2) symmetry into the Hamiltonian, we obtain the ground state quantitatively. We find that two kinds of spin correlation functions due to degenerate states are not zero when the lattice size is large but finite. The magnitude of one of them is the same as the one previously found in the XXZ antiferromagnet, while another one is much larger when the additional interaction is strong. We then conclude that in Heisenberg antiferromagnet correlation functions violate the cluster property and the magnitude of the violation qualitatively differs from the one in the XXZ antiferromagnet.
Introduction
Entanglement forces us to abandon the classical concept about locality [1] [2] [3] . Although there are many criticisms of abandoning the concept [4] , experiments strongly support entanglement required by quantum mechanics [5] . Since Deutsch [6] presented the concept of quantum computer [7] , a huge number of researchers apply entanglement to quantum information [8] [9] [10] .
Entanglement found in many-body systems is a quite interesting subject [11] [12] in terms of the quantum phase transition [13] [14] [15] [16] , because the correlation must be found even at the long distance where the whole system changes entirely. The entangled correlation at infinity distance implies the violation of the cluster decomposition [17] or the cluster property [18] , which is a fundamental concept of physics that there is no relation between two events that occur infinitely apart from each other. Therefore, we find active studies on the cluster property in the many-body systems [19] [20] and in quantum field theory [21] [22] , including QCD [23] [24] .
In the previous paper [25] , we have investigated the cluster property of spin 1/2 XXZ antiferromagnet on the square lattice. For this antiferromagnet, the ground state realizes semi-classical Neel order [26] , in other words, spontaneous symmetry breaking (SSB) [17] [27] of U(1) symmetry [28] [29] [30] [31] [32] . In the previous study, we supposed that the lattice size is very large but finite. On this condition, we clarified that the essential property of SSB is the existence of the quasi-degenerate states between which the expectation value of the local operator is not zero. Introducing an additional interaction that explicitly breaks the symmetry, we determined the ground state definitely using the quasi-degenerate states. Then we found that the correlation function in the ground state violated the cluster property and the magnitude of the violation depended on the strength of the symmetry breaking interaction.
In this paper, we investigate the violation of cluster property for Heisenberg quantum spin on the square lattice, whose continuous symmetry is SU (2) . SSB in this system can be explained by the effective model which realizes the magnetization of the sub-lattices [26] . By this model, we can present a definite description of the quasi-degenerate states. Here we should note that the quasi-degenerate states are the essential ingredients of SSB, as stressed in the previous work [25] .
On the square lattice of size N, we can divide the whole lattice into two sub-lattices, which are called A sub-lattice and B sub-lattice. The semi-classical order of this spin system implies that the magnitude of the total spin on each sub-lattice is the order of N. Therefore, we can denote the state of spin system on a sub-lattice by its magnitude and its z-component.
On the finite lattice, the researchers studying this system have shown that the energy depends only on the spin magnitude of the whole lattice. Therefore the ground state as well as the energy can be determined by the effective Hamiltonian [26] that contains the squared total spin. By this effective Hamiltonian ˆe ff H and the set of the quasi-degenerate state, we can make a complete description for the ground state even if we include the additional interactions.
In order to obtain the ground state uniquely on the finite lattice we introduce two additional interactions 1 V and 2 V . The former interaction eliminates the degeneracy on the z-component of the total spin, and the latter induces the Contents of this paper are as follows. In the next section we introduce the model studied in this paper, which is the spin 1/2 Heisenberg antiferromagnet on the square lattice, and define two sub-lattices. In Section 3 we give the effec- [33] . In Section 4 we define the additional interactions 1 V and 2 V which explicitly break SU(2) symmetry. Then we calculate the matrix elements of these interactions by the eigen states of the sub-lattice magnetizations.
In Section 5, we calculate the ground state when the Hamiltonian contains the symmetry breaking interactions in addition to the effective Hamiltonian. We give the Hamiltonian in the continuous approximation which is reliable when the lattice size is large. Then obtaining the two-dimensional partial differential equation and solving it, we find the ground state. Also we discuss the conditions for our method to be reasonable. In Section 6, we calculate the correlation functions due to the degenerate states. Here one should notice that we have two kinds of the correlation functions because there are two kinds of Nambu-Goldstone mode in SU(2) symmetry. In Section 7, we employ linear spin wave theory [28] to calculate the correlation functions due to Nambu-Goldstone mode, which keep the cluster property. The violation of the cluster property due to the degenerate states, therefore, could be observable only when the former is smaller than the latter.
In Section 8, we discuss, using the correlation functions presented in Sections 6 and 7, the violation of the cluster property in the correlation functions due to the degenerate states. Then we numerically estimate the violation when the lattice size N is 10 20 = (10   10   ) 2 . This size is determined by considering that the molecular distance is the order of 10 −10 m and the length of the macroscopic material is the order of 1 m. From our results we conclude that in Heisenberg antiferromagnet correlation functions due to the degenerate states violate the cluster property, and that the magnitude of the violation qualitatively differs from that in XXZ antiferromagnet. The final section is devoted to summary and discussion.
Heisenberg Antiferromagnet on Square Lattice
The model we study here is the spin 1/2 Heisenberg antiferromagnet on the World Journal of Condensed Matter Physics square lattice. A site with a symbol i is defined by a pair of integers ( ) , 0,1, 2, , 1, 0,1, 2, , 1.
The lattice size N is given by
The Hamiltonian Ĥ in our study is given by
Here ˆi S  is the spin operator at the site i and ( ) , i j denotes the nearest neighbor pair on the square lattice. In order to make ˆz i S a diagonal matrix, the basis state is defined by 1 2 , 
The reason for this assignment is that in the analysis by linear spin wave theory [28] we would like to use the real matrix element on ˆy i S [25] .
Since the Hamiltonian (2) has the SU(2) symmetry, the total spin operators commute with Ĥ , ˆˆ, 0, , , , .
Therefore the energy eigen state of Ĥ with the energy eigen value , J M E has also the quantum numbers J and M of SU(2) symmetry for the whole lattice. 
Using i P we introduce the spin operators on each sub-lattice,
)
The eigen state of ( ) Figure 1 , where we find the remarkable agreement between our data and the postulate. Next, we calculate the squared magnitude of the ferromagnet on A sub-lattice with the lattice size N, which is given by
when the large ferromagnet is realized on A sub-lattice (8) . Sandvik [34] made the extensive study on this dependence to obtain the value on the infinitely large lattice accurately.
In order to construct 1 .
In general the eigen state 
As described in textbooks on quantum mechanics, ( )
is the Clebsch-Gordan coefficient and it is obtained by algebraic calculations. 
Here Z is an integer when M is an even integer, while Z is a half-integer when M is an odd integer. For a fixed
Ψ
. Let us start with, instead of (15),
Here Z ψ denotes the coefficient for the state Z . The non-zero off-diagonal matrix element in the calculation is
Since the matrix element is real we also have * 1ˆˆˆ1 1 .
S S , we obtain the diagonal matrix element (14) is
From (18) we obtain, based on the approximation to neglect the term of
Here we introduce a variable x ,
Applying (20) and (23) to (22) 
Let us replace the variable Z by x in (24) . In addition we introduce 
Expanding ( )
, we can neglect the term with
Finally we obtain the equation
The solution of this equation is the associated Legendre function
Taking the normalization into account we thus obtain
Then the state
Additional Interactions
In this section we introduce two symmetry breaking interactions which are necessary to obtain the unique ground state. In SU(2) symmetry we have two independent generators among three generators,
, Ŝ α being defined in (4). We adopt ˆy Q and ˆz Q as the independent generators. The additional interactions 1 V and 2 V have to break the symmetry related to these operators. Since we impose that 1 V breaks the symmetry on ˆy Q , we assume
The parameter 1 g should be positive because states with large M should be suppressed. For its magnitude we do not impose any severe constraint because 1 V commutes with the Hamiltonian Ĥ . The reason to choose the squared operator is that this interaction gives a non-trivial effect to the correlation function, which will be described in Section 6. Another interaction 2 V , which has been already introduced in the study of XXZ antiferromagnet [25] , is given by
This interaction breaks the symmetry on ˆz Q . The positivity of 2 g is conventional because it changes when the phase of states changes. The reason why 2 g should be small is that, since
, this interaction modifies the quasi-degenerate states by inducing the magnon states.
The Hamiltonian ˆV H is the sum of the Hamiltonian (2) and these interactions, which is given by
Note that, because .
The interaction 2 V , on the other hand, changes the state
By the algebraic argument on the spin-one operator ˆA S + , we find that
S c c c
Let us calculate these coefficients
as shown in (31),
For the associated Legendre function we have the following relation,
Then from (30) we have ( ) 
Similarly we obtain the coefficients for ˆB S + , 
As for ˆA S − , we use the relation
Then we obtain
From this expression we see that the interaction 2 V does not change the even-odd property of J M − .
Ground State
In the previous section we presented the matrix elements of the effective Hamiltonian with additional interactions. Using these matrix elements we now solve the eigen equation to find the ground state of
, .
Here V E Ψ is the energy eigen value and
From (48) and (49) we obtain the equation for
Since the even-odd property of J M − is kept in this equation, we examine the equation only for even values of J M − . We introduce
Then the eigen equation becomes 
Then we obtain the equation 
In this equation we set
As a result the eigen equation becomes ( ) 
The eigen solution of (58) 
Thus the conditions we impose are
Here the second condition is necessary because of the continuous condition.
The 
Correlation Functions Due to Quasi-Degenerate States
In this and the next sections we calculate the spin correlation function ( )
, which is defined by
1 .
Here V G is given by (63 
By this replacement we obtain ( ) 
G S S G G S S G N G S S G G S G N
2
Notifying the convention (12) 
Here the function ( )
is defined in (59). Then we obtain ( ) ( )
For the second term in (67) with x α = , we notice that ( )
.
We have
1ˆˆ. 2 2
By this expression we obtain
Since J M − is limited to be even,
is even, the following product is zero.
This brings us ˆ0 .
From (71) 
For the second term in (68) we have
Therefore we obtain 
Z S S Z J M J M S S J M J M M M Z
is expressed by Z 's as shown in (31), we see by the algebraic argument on SU (2),
We can calculate the coefficients by
Here we used the relation on the associated Legendre polynomial 
Finally we obtain
Correlation Function due to Nambu-Goldstone Mode
In this section we calculate the correlation function due to Nambu-Goldstone mode. When we add the symmetry breaking interaction 2 V to the Hamiltonian, this interaction changes the gapless mode to the gapped state. We employ linear spin wave theory (LSWT) [28] to obtain the correlation function for the gapped state. Since there is little difference between LSWT for SU(2) symmetry and one for U(1) symmetry carried out in the previous paper [25] , we present only a brief discussion. The Hamiltonian of the model with spin S is given by V g S = induces only the constant contribution to the ground state energy, and no effect to the excitation energy. In order to show it, we express 1 V in terms of ˆk
Since 1 V is expressed by the magnon operator with the zero-wave vector, this interaction gives only the constant to the ground state energy. Therefore it is safe to neglect the contributions from 1 V in the following study. For the magnon excitation with the non-zero wave vector we diagonalize the World Journal of Condensed Matter Physics
Hamiltonian by †ˆĉ osh sinh .
Here the parameter k θ  is determined by ( )
Then the energy k ω  of the magnon is given by ( )
We would like to obtain the spin correlation function at the large distance on the quite large lattice. Therefore we are interested in the magnon with the small energy. In the case 1
In the spin system with SU (2) 
Note that k γ  is negative in this case. We see that the gap energy ( ) Let us explicitly calculate the spin correlation function of the spin operator
. We express the spin operator using the operators ˆk α  and † k
Here we introduce notation k ω  defined by
Also we define that ( )
From the expression (108) we can calculate the spin correlation function due to Nambu-Goldston mode.
0. 
Here note that we can neglect the contribution by the magnon with ( ) ( ) , , 
Then we have
In addition we obtain ( ) ( 
When the distance between i and j is large, the summation on k  can be dominated by the contributions by the low energy. Then we can replace the energy by
Replacing the summation by the integral we obtain the correlation function at the large distance r [25] , ( ) 
Cluster Property
In this section we discuss the violation of the cluster property in the spin correlation function for the antiferromagnet on the square lattice with SU (2) 
With (120) it is easy to see that we can neglect the second term in both expressions of (119 
We see that these correlation functions do not depend on the distance and these values are non-zero as far as N is finite.
As for the contribution from Nambu-Goldstone mode we conclude that, based on discussions in Section 7,
Here we obtain τ  from (117).
From the final results of (121) and (122) we conclude that the cluster property violates in the correlation functions due to the quasi-degenerate states, and that the functions due to Nambu-Goldstone mode exponentially decrease with distance. Although this conclusion is the same as that for U(1) symmetry [25] , there are several characteristic properties newly found for SU(2) symmetry.
• We have two kinds of correlation functions, Figure 4 we plot, as a function of 2 g , the distance c r where
holds. We see that all curves in the figure Figure 4 suggest in what region the observation can be expected. In Figure 5 we plot F would be observable in a wide range of r and 1 g provided that 2 g is moderately small.
Summary and Discussions
In this paper, we investigated the violation of the cluster property for the spin 1/2 Heisenberg antiferromagnet with SU(2) symmetry on the square lattice, following the previous paper [25] that has shown the violation in the correlation function for the spin 1/2 XXZ antiferromagnet with U(1) symmetry on the square lattice.
Spontaneous symmetry breaking for the system can be explained by the model where the ferromagnets of A and B sub-lattices couple to form the effective Hamiltonian [26] . In this model, we could clearly define the quasi-degenerate states and could calculate the ground state including the interactions that explicitly and completely break SU(2) symmetry. Note that, in the concrete calculation of the ground state, we have kept the lattice size large but finite.
In order to find the violation of the cluster property, we calculated the spin correlation functions. We examined two kinds of correlation functions which consist of the function due to the degenerate states and the one due to Nambu-Goldstone mode. We calculated the former functions DS F αα using the quasi-degenerate states. As for the latter functions Let us now discuss experiments to observe the violation of the cluster property.
As described in the previous paper [25] , it is required to measure the correlation length [36] [37] [38] . The experiments on the material Sr 2 CuO 2 Cl 2 [39] [40] found that the correlation length ξ is ~200 at temperature 300 K T = . Also they confirmed that the dependence of ξ on T is log( ) 1 / T ξ ∝ , which is derived by the nonlinear sigma model [41] . This means that ξ becomes huge even when the temperature is not so small. As an example, consider the case in which the temperature 0 T is 50 K. Then the correlation length at this temperature is 0 / 13 0
10
T T ξ ξ =  , which would be large enough when we explore the region of ( ) 10 10 r N ≤ = in Figure 4 and Figure 5 . The results shown in these figures, we believe, are worth examining in experiments to find the violation of the cluster property.
Finally, let us make several comments on our calculations and our results.
• In this work we studied the effect from the additional interaction 1 V which is defined by the squared spin operators. Since this term was introduced from theoretical point of view it might be difficult to include it in the ordinary magnetic materials. For the experimental study to realize this interaction in the spin systems it is valuable to notice Bose condensation of the atom in the double well potential [42] . This system is described by the effective spin system, where the squared spin is included.
• The second comment is about other interactions of the squared spin operators to break the symmetry. When, for example, we include 
